Abstract. We consider strategic market games associated to exchange economies both in a framework with no uncertainty and with asymmetric information. We address the asymptotic convergence of active Nash equilibria of strategic market games to Walrasian ones for general sequences of economies whose distribution of characteristics has compact support.
Introduction
Strategic market games have revealed probably the most useful model for the theory of imperfect competition. Due to the fact that they do not impose any price-taking behavior and assume that traders behave strategically, they have been successfully applied to many different areas of economics. The original model proposed by Shapley and Shubik (1977) finds applications that range from the non-cooperative foundation of competitive analysis (Mas-Colell 1982) to intertemporal models with intrinsic uncertainty (Giraud and Weyers 2004) , from the analysis of bounded rationality (Voliotis 2006 ) to monetary models and seigniorage costs (Shubik and Tsomocos 2002 ).
Here we focus on the role of a large number of individuals in asymptotic results and the emergence of the price taking hypotheses. It is widely accepted among economists that in a system of markets where individual participants are small relative to the market size, individuals have a negligible effect on the determination of market outcomes, so they may be thought of as exhibiting a 'price taking' behavior. Of course, in order to make sense of this statement one has to attach a meaning to 'a small individual relative to market size'. In this way it would be possible to distinguish when price taking is a reasonable assumption and when it is not. The significance of the price taking hypothesis in economics calls for a formal clarification of this point -a 'theory of competition' so to speak.
One of the tools of economic theory to this effect is the asymptotic study of equilibrium outcomes of finite economies, when the number of individuals increases without limit. The idea is that if we can identify conditions under which equilibrium outcomes of finite economies converge asymptotically (in some sense) to Walrasian ones, then we would have a context where individuals have negligible effect on market outcomes and hence when 'price taking' can be justified as a reasonable hypothesis. An alternative way to view the asymptotic study is as a link between 'large finite' and 'atomless' economies. In atomless economies 'negligibility' is built in the non atomicity of the measure of the space of agents. If a large finite economy is to be thought as a reasonable substitute of the idealized continuum model, it should be the case that equilibrium outcomes of a large finite economy are close to those of the atomless limit, i.e., the equilibrium outcomes of the former should asymptotically converge (in some sense) to those of the latter as the number of individuals increases.
Asymptotic studies have been performed for a variety of equilibrium notions which have been developed in finite economies. For the most part asymptotic studies focus on the limits of the core 1 and Nash equilibria, mainly because those notions are associated with the traditional theories of Edgeworth and Cournot, which are prevalent in economic theory.
In this paper we study the asymptotic limits of Nash equilibria of strategic market games both in a framework with no uncertainty and with asymmetric information. This issue has been addressed by several authors, Dubey and Shubik (1978) , Mas-Colell (1982) , Peck and Shell (1989) , Sahi and Yao (1989) , Amir et al. (1990) among many others, albeit in the fragile context of sequences of economies obtained through replication.
2 Besides the particularity of this type of sequences (finite number of types of individual characteristics), the above results are shown only for 'type symmetric' Nash equilibria. It is worth remarking that in replica sequences type symmetry is a property of the core (known as 'equal treatment'), but not of Nash equilibria.
By contrast, our results apply to more general sequences of economies with characteristics drawn from compact sets and do not depend on type symmetry. One of our results provides also a rate of convergence. In this way we address the issue of asymptotic convergence of Nash equilibria, at the same level of generality as some known core convergence results. Our approach is based on the idea in Koutsougeras (2009) of measuring individuals' deviation from price taking. It is shown there that this deviation converges in proportion to zero when the number of individuals converges to infinity regardless of individual characteristics. The fact that there is some kind of convergence for arbitrary sequences is remarkable but does not fit the bill if one is specifically interested in Walrasian outcomes in the limit. In this paper we differ in two ways. First, we use a different measure of deviation from price taking which does not require differentiability of preferences. Second, the results in this paper are stronger: we demonstrate that under suitable assumptions on the distribution of individual characteristics 3 , the index measuring individual deviation of strategic behavior from price taking becomes arbitrarily small for each individual as the number of individuals converges to infinity, i.e., it converges to zero almost everywhere.
We extend our technique and the asymptotic convergence results to the asymmetric information environment. In such a framework the literature has proposed several alternative notions of Walrasian equilibrium. The asymptotic convergence exercise takes on an additional importance in this context, because it provides a foundation of some notion of Walrasian equilibrium.
The paper has the following structure. In Section 2 we define a market game for a model without uncertainty. Section 3 and Section 4 present the results for this model while Sections 5, 6 and 7 are devoted to the asymmetric information context. The last section concludes with final remarks.
The model without uncertainty
Let H be a finite set of agents. There are L commodity types in the economy and the consumption set of each agent is identified with
++ . We use the following assumption:
1 See Anderson (1992) for a survey of core equivalence results and references. 2 In some related papers but somewhat distinct in scope, Peck and Shell (1990) features an asymptotic exercise where the number of agents remains finite but the volume of trade increases without limit, while Postlewaite and Schmeidler (1981) shows that Nash equilibria are Walrasian for a properly defined 'nearby economy'.
3 Remarkably these assumptions are the same as in the case of core convergence.
Assumption 1 Preferences are continuous, strictly monotone with convex upper contours and indifference curves through the endowment do not intersect the axes.
Denote by P cmb the set of preferences that satisfy Assumption 1 endowed with the topology of closed convergence. Let T ⊂ P cmb × L + . An economy is defined as a mapping E : H → T . For a given economy, the budget set of an individual at price p ∈
A Walrasian equilibrium is defined as follows:
We now turn to describe a strategic market game, which proposes an explicit model of how exchange in the economy takes place.
Trade using inside money
We will develop our results for the strategic market game version appearing in Postlewaite and Schmeidler (1978) and in Peck et al. (1992) which is described below.
Trade in the economy is organized via a system of trading posts where individuals offer commodities for sale and place bids for purchases of commodities. Bids are placed in terms of a unit of account. The strategy set of each agent is
h denote aggregate bids and offers for
For a given strategy profile, the consumption of consumer h ∈ H is determined by x h = e h + z h (b, q), where for i = 1, 2, . . . , L:
It is postulated that whenever the term 0/0 appears in the expressions above it is defined to equal zero.
Q i has a natural interpretation as the (average) market clearing 'price'. The relation
h is a 'bookkeeping' restriction which ensures that units of account remain at zero net supply (inside money). The interpretation of this allocation mechanism is that commodities (money) are (is) distributed among non bankrupt consumers in proportion to their bids (offers), while the purchases of bankrupt consumers are confiscated.
An equilibrium is defined as a strategy profile (b, q) ∈ h∈H S h that forms a Nash equilibrium in the ensuing game with strategic outcome function given by (1) . Let N(E) ⊂ h∈H S h denote the set of Nash equilibrium strategy profiles of the strategic market game and N (E) ⊂ LH + the set of consumption allocations corresponding to the elements of N(E).
The following notation and familiar facts will be useful in the sequel.
4 . The set of allocations which an individual h ∈ H can achieve via the strategic outcome function is given by the convex set
i.e., (
Notice that in particular e h ∈ c h because g h (e h ) = 0 and e h ≤ Q −h + e h .
At an equilibrium with nonzero bids and offers we have thatx ∈ N (E) if and only if:
We say thatx ∈ N (E) is fully active if for the corresponding (b,q) ∈ N(E) we have π(b,q) 0, i.e., there is activity in all trading posts. In the sequel we will focus on such equilibria 5 . The existence of such equilibria is established in several articles, notably in Mas-Colell (1982) or Peck and Shell (1992).
Strategic vs price taking behavior
Let us fix a fully activex ∈ N (E) corresponding to a strategy profile (b,q) ∈ N(E). Consider one h ∈ H and denotez h =x h − e h .
The monotonicity of preferences implies that g h (x h ) = 0, i.e.,x h lies on the boundary of the convex set c h , which is C 2 . Since the sets of preferable bundles are also convex, by the separating hyperplane theorem there is a p h ∈ L + , specifically p h = Dg h (x h ), where Dg h (·) denotes the gradient of g h (·), such that:
Using the definition of c h we have:
Now observe that if for some λ h > 0, p h = λ h π(b,q) then the behavior of such an individual would be identical to price taking at the market clearing prices π(b,q). To see this notice that: (a) π(b,q)x h = π(b,q)e h and (b) since π(b,q) 0 (x is active), there is a cheaper point, i.e., w ∈ L + with π(b,q)w < π(b,q)x h = π(b,q)e h . Since preferences are continuous and upper contours convex, the first part of (4) implies y hxh ⇒ π(b,q)y > π(b,q)e h . Therefore, the measurement
serves as an indicator of 'how far' the strategic behavior of individual h falls from price taking 6 . When δ h (x) = 0, the slope of the attainable allocations
atx differs from the slope of the budget defined by the market clearing prices
. In other words, the individual can attain bundles nearx, which are not budget feasible at the market clearing prices. Since attainable allocations are always budget feasible at corresponding market clearing prices we conclude that any move to attainable bundles nearbyx alter market clearing prices, i.e., the actions of the individual affects market prices.
Clearly, for each agent h we have δ h (x) ≥ 0 andx is Walrasian if (and only if) δ h (x) = 0 for each agent h. Therefore, a sequence of market game price-allocation pairs tends to become a price taking one, if (and only if) the above indicator tends to zero (in an appropriate sense) for all individuals.
We are ready now to proceed with the results of this paper. 5 Alternatively, we could consider the subset of commodities L for which there is active trade. 6 In the case of C 2 preferences, the indicator δ h (·) coincides with γ h (·) in Koutsougeras (2009).
Results for economies with no uncertainty
For the results that follow we consider a sequence {E n } n∈N of economies E n :
L , where #H n → ∞, lim 1 #Hn h∈Hn e h 0 and associated x n ∈ N (E n ), for each n ∈ N which are fully active. Let (b n , q n ) ∈ N(E n ) be the corresponding strategies.
The following result is shown in Koutsougeras (2009) and its proof applies unchanged here.
Theorem 1 For each > 0, there is an n ∈ N so that for all n > n
The above theorem asserts some kind of convergence (in measure) for the indicator δ h . Its strength is that it requires no assumptions, so it applies to all sequences of active Nash equilibria. On the other hand it hardly fits the bill: we still need to show some convergence of the Nash equilibrium allocations themselves. Furthermore, we need to ensure that 'most' of the commodities are consumed by 'most' of the individuals who exhibit 'almost' a price taking behavior, as the above theorem asserts. We proceed with two lemmas which will be useful to us in pursuing this end.
From the definition of T i n (k) it follows that:
Therefore, we conclude that #T
Hence:
Consider now a sequence of economies E n : H n → T where
Lemma 2 For each i = 1, 2, . . . , L, there is a subsequence (still indexed by n), and > 0 so that: #{h ∈ H n : x i n,h ≥ } ≥ #H n for n sufficiently large.
Proof .
Step I
Fix a commodity i = 1, 2, . . . , L. From the above lemma for k = 2L we have:
We may assume by passing to a subsequence if necessary, that ( n,t , e n,t ) → ( t , e t ) ∈ T and x n,t → x t ≤ 2Lr1 L . Since x n,t n,t e n,t , we have that x t t e t ≥ 1 r 1 L , which implies that x t 0. In particular, we conclude that
Step II Suppose the claim of the lemma is false. Then for each > 0 and N , there is n ≥ N so that
By choosing a sequence n → 0 and N → ∞ and passing to a subsequence (still indexed by n) we have that:
It follows that:
We conclude that lim m→∞
, which contradicts the conclusion of Step I. This contradiction establishes the claim of the lemma.
We now turn to develop an asymptotic convergence theorem, by introducing appropriate assumptions on the distribution of characteristics along a sequence of economies. In particular, consider a sequence of economies E n : H n → T where
L is compact. For such sequences the set of Nash equilibrium allocations is uniformly bounded as the following result shows.
Proposition 1 Let {E n } n∈N be a sequence of economies, E n : H n → T where #H n → ∞ and let x n ∈ N (E n ), for each n ∈ N be fully active. There is B ⊂ L + , which is bounded and depends only on T , such that for all n ∈ N x n,h ∈ B for each h ∈ H n , i.e., the set of Nash equilibrium allocations remains uniformly bounded along a sequence of economies with characteristics drawn from T .
Step I. Let π n = π(b n , q n ) and normalize prices so that
Suppose that sup{x j n,h : h ∈ H n } → ∞ for some j = 1, 2, . . . , L. Then it must be sup{
Step II. By Lemma 2, passing to a subsequence if necessary, we may assume that for some 1 > > 0,
Also by Lemma 1, setting k ≥ 2L −1 − 1, we have that for all n ∈ N ,
Step III. We now show the following claim: for some subsequence (still indexed by n) there exists M > 0 so that:
Suppose not. Then for every M > 0 we have #{h ∈ H n :
In conclusion, we have for every M > 0:
In this case, (10) along with (7) and (8), implies that for each n ∈ N there is h n ∈ H n so that the following is true:
The compactness of T implies that, by passing to a subsequence if necessary we may assume that ( hn , e hn ) → ( , e) ∈ T .
Consider for each n ∈ N the vectors t n ∈ L + where t
For these vectors we have that p hn t n = 0, |t i n | < for n large enough, t n → t ≥ 0 and t = 0. By the convexity of preferences it must be that z hn + e hn hn z hn + e hn + t n . Taking limits we conclude that z + e z + e + t which contradicts the monotonicity of . This contradiction establishes our claim that (9) is true for some M > 0. So in this step we can conclude that there exists M > 0 so that:
Step IV. Since π i n /π j n → ∞ we have that π i n /π j n (1 − ) > M for n large enough. Furthermore, by Theorem 1 we have that for n large enough:
But then for n large enough we have the following string of inequalities:
which contradicts (11).
We can now prove the following result.
Theorem 2 Consider a sequence of economies {E n } n∈N , where
Since T is compact, by Proposition 1 we have that for each h ∈ H n , z n,h = x n,h − e h ≤ c1 L for some c > 0.
Furthermore, since for n large enough 1 #Hn Q n β1 L , by passing to a subsequence if necessary we may assume that there is ξ > 0 so that #{h ∈ H n : q i h ≥ ξ} ≥ #H n ξ for all i = 1, 2, . . . , L. In this case, when n is large enough, we have that for all h ∈ H n :
Fix one h ∈ H n . We have
. . , L. It follows that:
Hence,
we have that if #H n > N then δ h (x n ) < for every h ∈ H n , as desired.
Purely competitive sequences of economies with no uncertainty
The results of the previous section can become more transparent by considering sequences of economies converging to a limit. To this end in this section we will consider 'purely competitive' sequences of economies (see Hildenbrand (1974) , p. 138) which are defined as follows.
(ii) The sequence of distributions of characteristics (µ n ) converges weakly on T .
(iii) If µ = lim µ n then e dµ n → e dµ.
(iv) e dµ > 0.
Let {E n } n∈N be such a sequence and consider a sequence of fully active Nash equilibria x n ∈ N (E n ). Since T is compact, it follows by Proposition 1 that {x n } n∈N is uniformly bounded, so we can extract a subsequence (still indexed by n) which converges in distribution, i.e., by defining for each B ∈ L λ n (B) = 1 #Hn # {h ∈ H n : x n,h ∈ B} we have that λ n → λ weakly. Denote now by τ n the joint distribution of (E n , x n ) : H n → T × L . The sequence (τ n ) n∈N is tight since the sequences of its marginal distributions are tight, so we may assume, by passing to a subsequence if necessary, that τ n → τ weakly. Hence, this sequence of economies and associated allocations admits a continuous representation (see Hildenbrand (1974) 
L and measurable functions a n : H → H n , so that (E n (a n ) , x n,an ) → (E, x) a.e. in H and the respective distributions of (E n (a n ) , x n,an ) and (E, x) are τ n and τ respectively.
Using this continuous representation, our indicator can be extended in a natural way on H, bŷ δ h (x n,an ) = δ an(h) (x n ). The meaning of Theorem 1 can be made more transparent as follows:
By definition of a continuous representation of the sequence of economies:
By Theorem 1 the righthand side converges to zero.
The following proposition establishes that the allocation x is Walrasian for the economy E, provided that the associated sequence of strategic prices does not converge to the boundary of
Proposition 2 Let x n be fully active for each n ∈ N and suppose that the sequence of associated strategic market game prices {π n } n∈N are such that no subsequence converges to the boundary of
Normalizing prices so that It can be verified that π(b, q) = p and e h +z h (b, q) = x h . Thus, δ h (x) is well defined and since (E n (a n ) , x n,an ) → (E, x) a.e. in H, it follows by continuity ofδ h (·) that δ h (x) = limδ h (x n,an ), a.e. in H. By lemma 3 above,δ h (x n,an ) → 0 in measure so there is a subsequenceδ h x n k ,an k → 0 a.e. in H. Since δ h (x) = limδ h x n k ,an k , a.e. in H, it follows that it must be δ h (x) = 0, a.e. in H.
The model with uncertainty and asymmetric information

Asymmetric information economies
We introduce now some exogenous uncertainty and asymmetries in the information possessed by traders in the environment described before, that is, an economy with a finite population of agents, indexed by h ∈ H = {1, . . . , m}, and a finite number L of commodities i ∈ {1, . . . , L}. The exogenous uncertainty is formulated in terms of a measurable space (Ω, F), with Ω denoting a finite set of k distinct states of nature and the field F representing the set of all the events. The information initially possessed by trader h is modelled by a measurable partition Π h of Ω. The asymmetries in the initial information refer to the fact that partitions differ across traders. Agents make contracts which may be contingent on the state of nature that will materialize in the future: that is, we assume that trading takes place by means of ex ante contractual arrangements. Once uncertainty is resolved, each trader receives his private information: after receiving his private information, he is not necessarily able to distinguish which state of nature s ∈ Ω actually occurs but he can just observe (and, if necessary, prove in front of a court of law) the element Π h (s) of his partition Π h that contains such state. In this period he receives his endowment of physical resources and agreements are carried out.
L is the commodity space and the consumption set of each agent in every state of nature is identified with L + . Each trader h ∈ H is described by three primitives: his initial information, described by a partition Π h of Ω; his state-dependent initial endowment of physical resources given by a function e h : Ω −→ L ++ or, equivalently, by a vector e h ∈ Lk ++ ; his preferences over contingent consumption plans x h ∈ Lk represented by a utility function u h : Lk + → . We impose on utility functions the same assumptions as in the deterministic framework.
Assumption 2 Utility functions are continuous, concave, strictly monotone and indifference curves through the endowment do not intersect the axes.
We denote by U c the set of utility functions that satisfy Assumption 2. Given a partition Π of Ω, a commodity bundle x = (x(s)) s∈Ω ∈ Lk + is said to be Π-measurable when it is constant over the elements of the partition Π. The assumption that e h is Π h -measurable is standard (see, for example, Yannelis (1991) ). If the endowments were not such a way, then an agent could use the fact that his endowment varies over states which he cannot distinguish to refine information. An exchange economy with asymmetric information is thus described by a mapping E : H → P art(Ω) × L·k + ×U c where P art(Ω) denotes the set of all the partitions of Ω. We assume that traders share common knowledge as to the partitions Π h . A price system is a vector p = (p(s)) s∈Ω that specifies a commodity price p(s) ∈ L + in each state s ∈ Ω. For a given economy with asymmetric information, a Radner equilibrium is defined as follows.
Definition 2 A Radner equilibrium is a pair (p , x ) ∈
The trading process with inside money
The trading process in this economy runs as follows. In every state of nature there is a trading post for each commodity to which individuals bring commodities for sale and place bids for purchases of commodities. Let q i h (s) be the offer of commodity i by consumer h in state s and b i h (s) the bid for commodity i by consumer h in state s. Since offers must be in terms of physical commodities, it must hold true for every state s ∈ Ω that
Individuals choose strategies that specify bids and offers for each commodity in every state of nature; hence, the strategy set of each agent h is:
It is worth noting that traders are not restricted to choose the same bids and offers in states of nature that they cannot distinguish; that is, we do not impose any measurability constraint on the strategies of the consumers with respect to their information sets. Also Fugarolas et al. (2009) associate a game to the asymmetric information economies where the players'strategies are not required to be measurable with respect to their initial information. However, their aim is different from ours: they recover Walrasian expectations equilibria of the economy as Nash equilibria of the associated game. Following the same line as before, capital letters denote aggregate quantities; precisely, given a strategy profile (b, q) ∈ h∈H S h and a state s ∈ Ω, let B i (s) = h∈H b i h (s) and Q i (s) = h∈H q i h (s) denote aggregate bids and offers in the state of nature s for each i = 1, 2, . . . , L. Also, the subscript −h has to be interpreted, as usual, as 'all individuals except h'. Hence, for each agent h denote
Similarly to the deterministic case, trade proceeds as follows. Each trader faces a unique budget constraint across states of nature expressed by:
If such constraint is met, commodities and money are distributed among non bankrupt traders in proportion to their bids and offers, respectively. On the other hand, bankrupt consumers who fail to meet their budget constraint are punished and their purchases are confiscated. Given the strategy profile (b, q) ∈ h∈H S h , the amount of commodity i, i = 1, 2, . . . , L, consumed by trader h ∈ H in state s ∈ Ω is determined by the following allocation mechanism:
where Π h (s) denotes the block in the partition Π h containing the state s and the fraction π i (s; b, q) =
can be naturally interpreted as the market clearing 'price' in state s, when B i (s)Q i (s) = 0. It can be easily shown that the allocation x i h (s; b, q) is physically feasible for the asymmetric information economy E; that is, for every state s ∈ Ω and for every commodity i ∈ {1, . . . , L} it holds that:
It is noteworthy that the allocation mechanism we have adopted considers some form of prudence (see Correia da Silva and Hervés-Beloso, 2009 and De Castro and Yannelis, 2010) by allotting each trader the minimum quantity in every block of his partition. The result is that consumers receive the same bundle in states which they do not distinguish.
The strategic market game
We associate the previous framework with a game G, referred to as the strategic market game, where the set of players is H, the strategy sets are (S h ) h∈H and the payoffs are given by (P h ) h∈H with P h :
A strategy profile (b * , q * ) is a Nash equilibrium for the game G if, for each player h ∈ H,
By following the same argument by Peck et al. (1992) , it can be shown that in this model Nash equilibria where agents choose strategies lying in the interior of their strategy sets always exist. They are called fully active Nash equilibria and in the sequel we will focus on such equilibria.
A preliminary result
In this section we provide a preliminary result which, besides being interesting in its own right, turns to be crucial for the rest of the paper. It states that for every Nash equilibrium (b, q) of the strategic market game G, the quantity e It is worth noting that in our model, although the allocation mechanism is such that it allots the same quantities in states that traders cannot distinguish, a Nash equilibrium of the game G may potentially involve strategies which vary across these indistinguishable states. We show that each agent strategically chooses bids and offers which guarantee the same commodity bundles in such indistinguishable states of nature. The result has been inspired by a similar one provided by Faias 
where Π h (s) denotes the block of partition Π h containing s.
Proof . By way of contradiction, let (b, q) be a fully active Nash equilibrium such that the measurability condition (14) does not hold. That is, there exist a trader h ∈ H, a commodity i ∈ {1, . . . , L} and two states of nature t,t ∈ Ω witht ∈ Π h (t) such that:
To keep notation concise, denote for each state s ∈ Ω:
Without loss of generality, assume that ω i h (t) < ω i h (t). Denote by ω * the following quantity:
s ∈ Π h (t)} and by S the set of states of nature where the minimum is reached, that is:
S is a proper subset of Π h (t) since t / ∈ S. Let T = Π h (t) \ S and ω * * = min{ω i h (s) : s ∈ T }. For the following, it is convenient to index the elements in T and S using natural numbers in such a way that s k ∈ T iff k ∈ {1, . . . , |T |} and s k ∈ S iff k ∈ {|T | + 1, . . . , |S ∪ T |}.
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Since T ⊂ Π h (t), it holds true that ω * ≤ ω * * . Further, ω * < ω * * ; otherwise, a states would exist such thats ∈ S T , which is impossible. Denote ε = ω * * − ω * > 0. Now, consider the constraint for trader h expressed in terms of the quantity ω j h :
By regrouping the terms involving commodity i and the states of nature in Π h (t), the constraint converts into the following form:
7 The notation |T | stands for the cardinality of T .
Now denote by r the cardinality of the set T and define the function:
By setting: . . . , x r ), such that:
which implies thatω i h (s) satisfies the constraint (15). In addition, for all s ∈ T :
and hence: min{ω
} . This suggests that trader h has an incentive to deviate from the strategy profile (b, q), which is a contradiction to the assumption that (b, q) is a Nash equilibrium.
Results for economies with uncertainty and asymmetric information
The utility-maximization problem for consumer h ∈ H, which provides his best response to the equilibrium strategies played by all other traders, is the following:
Since utility u h is a concave function of x h , the constraint condition in (16) is binding.
By using the notation stated before, that is ω
, the constraint in (16) can be expressed as follows:
Bearing in mind that in equilibrium, according to Proposition 3, for every state s ∈ Ω and for every i ∈ {1, . . . , L}, x 
and hence we obtain the following equalities:
The constraint in (16) can thus be expressed as follows:
and, in light of Proposition 3, the utility maximization problem (16) can be straightforwardly rewritten as
where Ω\ ∼ is the quotient set of Ω with respect to the equivalence relation ∼ associated with Π h , that is:
. Note that the number of variables reduces from L · k to L · r, where k and r denote the total number of states of nature and the number of blocks in partition Π h , respectively. Let λ denote the Lagrange multiplier associated with the equality constraint and Π h (s) be the block in the information partition Π h of trader h which contains the state of nature s. By writing down the first order conditions for each commodity i ∈ {1, . . . , L} and for each state s ∈ Ω and by summing them over states in the same block of the partition Π h , we obtain that for every s ∈ Ω and for every i = 1, . . . , L:
And hence, for all states s, t ∈ Ω and for each commodity i:
By employing the previous equality, we start by providing an estimation for the following quantity, denoted γ i h (x):
which represents a measure of how distant the strategic behavior of individual h is from price taking when just the commodity i is taken into account. By (20) , the previous quantity is equivalent to
Lemma 4 Let x * be an allocation resulting from a fully active Nash equilibrium for the game G. Then, for every individual h ∈ H and for each commodity i ∈ {1, . . . , L}, it holds true that:
Proof . Let h ∈ H and i ∈ {1, . . . , L} be fixed. For every state t ∈ Ω, it holds that:
Hence, by using the previous chain of inequalities, we obtain that for all s, t ∈ Ω:
.
On the other hand, it also holds that:
, which concludes the proof.
Starting from γ i h (x), consider now, for each trader h ∈ H, the following index Γ h (x) which is independent on the commodities:
Next result is an easy consequence of the previous Lemma and its proof is omitted.
Corollary 1 Let x * be an allocation resulting from a fully active Nash equilibrium for the game G. Then, for each individual h ∈ H, it holds true that:
We consider now a sequence {E n } n∈N of economies with asymmetric information and prove that the fraction of traders whose strategic behavior differs from price taking becomes small when the number of traders becomes sufficiently large, independently of the distribution of individual primitives. Specifically, let {E n } n∈N be a sequence of economies E n : H n → P art(Ω) × L·k + × U c , where #H n → ∞ and lim
#Hn
h∈Hn e h 0. Further, consider the associated sequence of fully active Nash equilibria, (x n ) n∈N with x n ∈ N (E n ) and, for each n ∈ N , let (b n , q n ) ∈ N(E n ) denote the corresponding strategy profile.
The following theorem formally proves what we stated before, thus extending to the asymmetric information framework a result shown in Koutsougeras (2009) .
Theorem 3 For each > 0, there is an n ∈ N such that for all n > n
or, equivalently:
Proof. Fix > 0. For n ∈ N , consider the Nash equilibrium x n of the economy E n and the associated strategy profile (b, q) 8 . For each individual h ∈ H n let:
where s * h ∈ Ω is the state of nature such that
and t * h ∈ Ω is the state of
By Corollary 1, Γ h (x n ) ≤ (θ h,n ) 2 + 2θ h,n and hence:
where η = −1 + √ 1 + ε. Define now the following set:
It holds that:
Moreover,
and, in the same fashion:
For each i ∈ {1, . . . , L}, define the following sets:
,
We obtain that:
To keep notation simple, we omit the index n in the strategy profile (b, q). 9 States s * h and t * h vary with h ∈ Hn and notation makes this dependence explicit because it is important for the rest of the proof.
where k denotes the total number of states of nature and the last inequality is a consequence of the following simple facts:
We can thus conclude that #{h ∈ H n : Γ h (x n ) > } ≤ 2 · k · L · (1 + η) η . Hence, given any > 0 and δ > 0, it is enough to choose n 0 so that #H n0 > 2 · k · L · (1 + η) η · δ to conclude the proof.
In view of this theorem, the asymptotic results of the section without uncertainty can be extended mutatis-mutandis to the asymmetric information context.
Concluding remarks
In this paper we addressed the asymptotic convergence of active Nash equilibria of strategic market games to Walrasian ones for general sequences of economies whose distribution of characteristics has compact support. Both a model with no uncertainty and one with asymmetric information have been considered. Notice that the proof of Theorem 2 provides a rate of convergence which depends on the set of characteristics T (the constants c and s), but it also depends on the sequence itself (the constant ξ, which in turn depends on β -the uniform lower bound on offers). This is sensible because in strategic market games there is no parameter β that works for all possible sequences: it is possible that some sequences of prices converge to the boundary of the simplex, irrespectively of the set of characteristics. In that case the corresponding sequence of active equilibria converges to one where some markets are inactive, which typically will not be Walrasian. For the same reason a similar qualification on the sequence of Nash equilibria was needed in Proposition 2. Hence, the results in this paper must be understood as asserting that the limit of all sequences of Nash equilibria which remain active in the limit is Walrasian. On the other hand, our results are very general and encompass all similar asymptotic results of this kind. In particular our results require no restrictions on the type of sequences that we consider and most importantly are not confined to the subset of type symmetric Nash equilibria as all other results do. We emphasize however that we do not claim that every Walrasian allocation can be approximated by a sequence of strategic prices and allocations. That is a different issue which requires perhaps further qualifications.
The generality of our approach is evidenced in the way our analysis extends to the asymmetric information context, where we derive an asymptotic analogue of the result in Faias et al. (2011) . The assumptions that we use in this case are exactly the same as in the no uncertainty case, except adapted for the new framework. We use exactly the same approach and with a few lemmas, which are necessary for the particular context of asymmetric information, we show that the key results of the no uncertainty case can be readily adapted in the asymmetric information framework. It is noteworthy that the allocation rule that we use (which is inspired by that article), allows us to approximate Radner equilibria as limits of pure strategy Nash equilibria, as opposed to Bayesian Nash equilibria, i.e., we do not impose measurability restrictions on individual strategies. We emphasize that no asymptotic convergence results have been developed before for strategic market games in the asymmetric information context.
